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Abstract. We prove that the symmetry group of an elasticity tensor is equal 
to the symmetry group of the corresponding Christoffcl matrix. 



1. Introduction 

The Curie principle states that the results are at least as symmetric as the causes. 
It is illustrated for wave phenomena by the fact that wavefronts propagating in a 
Hookean solid from a point source are at least as symmetric as the solid itself. 
In other words, the material symmetries of the elasticity tensor of that solid are 
a subgroup — possibly proper — of wavefront symmetries, as shown by Bona et 
al. pp. Herein, we prove that the elasticity tensor and the Christoffcl matrix, from 
which wavefronts are derived, have the same symmetry groups, as suggested by 
Bona et al. pQ, but for reasons more subtle than presented therein. Thus, it follows 
that the increase of symmetry may occur in passing from the Christoffcl matrix to 
wavefronts, not in passing from the elasticity tensor to the Christoffcl matrix. The 
importance of this result is our being able to obtain information about material 
symmetries of a Hookean solid from measurements that are common in seismology, 
which allow us to estimate the Christoffcl matrix, not the elasticity tensor directly. 

We begin this paper with a brief description of relations between the elasticity 
tensor and the Christoffcl matrix and between the matrix and the wavefronts. A 
more detailed description can be found in many sources, notably, Cerveny [3]; the 
description below follows Bos and Slawinski [2]. 

2. Background 

A Hookean solid is defined by the following constitutive equation: 

3 

(1) &ij = ^ CijkiSke, 

k,t=i 

where c is the elasticity tensor relating the stress tensor, tr, and the strain tensor, 
e. As shown by Forte and Vianello [5], c belongs to one of eight symmetry groups; 
the symmetry group of c is the set of orthogonal transformations under which c is 
invariant. Also, c possesses index symmetries: Cijki = Cjike = CkUj- 
Inserting constitutive equation (JTJ) into the equations of motion, 



< 2 > t%->„ 



d<Jij d Ui 



2000 Mathematics Subject Classification. Primary 74E10, secondary 74Q15, 86A15, 86A22. 
Key words and phrases, anisotropy; Christoffcl matrix; elasticity tensor; Hookean solid. 

1 



2 



A. BONA, g. DiNER, M. KOCHETOV, AND M. A. SLAWINSKI 



where i € {1,2,3}, p is the mass density, x and t are the spatial and temporal 
variables, respectively, and u is the displacement vector whose components are 
related to the strain tensor by := (dv,i / 'dxj+duj / dXi) /2, we obtain the equations 
of motion in a Hookean solid, 

d 2 Ui{x,t) x ^ / dcijki{x) duk(x,t) d 2 u k (x,t)\ 

( 3 ) /»(«)— g^—= L — ^ +c ^ ( - T) ^^rJ< 

j,k,£ — 1 

where i G {1,2,3}, which describe propagation of displacement in an anisotropic 
inhomogeneous elastic medium. Wavefronts and polarizations of waves propagating 
in such a medium stem from the characteristic equation of these equations, which 
is 

(4) det CijunjUi ^S ik = 0, i,k e {1,2,3}, 

V'/=i v J 

where n is the unit vector normal to the wavefront and v is the wavefront velocity. 
It is common to let Tik(n) := Cijkenjri£, which is the Christoffcl matrix. The 
symmetry group of the Christoffcl matrix is the set of orthogonal transformations, 
A, such that T(Au)(Av,Aw) = T(u)(v,w), for all u,v,w in K 3 . Note that V is 
quadratic in the first variable, u\ also note that u and v herein and in the next 
section are generic variables, not the physical entities of equations @, Q and 
(H)). Also, the Christoffcl matrix possesses index symmetries, = r^, which are 
inherited from the index symmetries of c. Equation Q is a third-degree polynomial 
in 1/v 2 . Its root are the eigenvalues of T scaled by p. Each of the three eigenvalues 
corresponds to the velocity of one of the three types of waves that propagate in a 
Hookean solid, and each eigenvector to its polarization. 

As suggested by Bona et al. [T], the increase of symmetries between the Hookean 
solid and the wavefronts propagating within it can occur only between the Christof- 
fcl matrix and the wavefronts, which is tantamount to the equality of the symmetry 
groups of the tensor and the matrix. This equality is proven in the next section. 
The proof is based on the fact that the Christoffel matrix determines uniquely the 
elasticity tensor, as shown by Bona et al. [T], and also on the fact that this one-to- 
one correspondence respects the action of 0(3), which guarantees the equality of 
the symmetry groups. 

3. Equality of symmetry groups 
Explicitly, the correspondence between c and T is 

(5) CikU = r(ej)(ejfe,e*) 
and 

(6) cuji = i [r(e 4 + ej)(ei,ee) - T(ei - e-,)(e,, eg) - 2T{ei)(ej,ei)\ , 

which are equations (3.7) and (3.8) in Bona et al. pQ. 

For a given T, these equations allow us to determine the components of c due to 
repetitions among i,j,k,£, but they have different forms for different components. 
Thus, it is not obvious that the relation between c and T respects the action of 
0(3). To establish this property, we restate this relation in a coordinate- free form. 
We can regard c as a quadrilinear form, c : M 3 x M 3 x M 3 x M 3 — > M 3 , and T as a 
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function, T : R 3 x R 3 x R 3 — > R 3 , which is quadratic in the first variable and linear 
in the other two. Let us linearize T by defining 

(7) f (x, y, v, w) := ^ [T(x + y)(v, w) - T(x)(v, w) - T(y)(v, w)} , 

for all x,y,v,w £ R 3 . Then T can be recovered from T as follows: 

(8) T(u)(v, w) = T(u,u, v,w). 
Theorem. For all x, y,v,w £ R 3 , we have 

(9) c(x, y, v, w) = f(x, v, y, w) + T(y, v, x, w) - f(x, y, v, w); 

(10) t(x,y,v,w) = -\c(x,v,y,w) + c(y,v,x,w)]. 

Proof. Equation ([7]) can be restated as T(x + y)(v, w) = T(x)(v, w) + T(y)(v, w) + 
2r(x, y, v, w). Hence we can rewrite formula (j6|) as 

(11) c(ei,ei,ej,et) = 2f(e i ,e ] ,ei,e e ) ~ F(ei)(ej, e e ). 

In view of the linearity of c and T in each variable and the linearity of T in the 
second and third variables, we obtain: 

(12) c(ej, ej, v, w) = 2T(ei, v, e,, w) - T(e l )(v, w), 
for all v, w £ R 3 . Now suppose k ^ i. Then we get: 

(13) c(e k , e k , v, w) = 2T(e k ,v, e k , w) - T(e k )(v, w), 

and, replacing {et, e k } by {(e^ + e k )/\/2, — (e; — e k )/V2} in the orthonormal basis, 
we also get 

(14) c(e, + e kl ei + e k ,v,w) = 2f(e,; + e k , v, a + e k ,w) - T(e t + e k )(v,w). 

Subtracting equations ((T^|) and (JT3J) from equation P^|) and using the index sym- 
metry of c, we obtain 

(15) c(ei, e k ,v, w) = f (a, v, e k , w) + t(e k ,v, e,-, w) - T{e l7 e k ,v, w). 

Equations (fT2")) and (fT5|) imply equation ^ in view of the linearity of both sides of 
equation ©. 

Note that by substituting x = v = e^, y = e k and w = ei in equation ©, we 
obtain expression (|5|), and by substituting x = y = e,, v = ej and w = eg., we obtain 
expression ([TT]). which is an equivalent form of expression (|6|) . 

Finally, equation (|10[) follows immediately from definition ([7]) and equation ([S]). 

□ 

The mappings r i— > c and c i— > T given by expressions ^ and (|10l) , respectively, 
are linear isomorphisms that are inverses of one another. Clearly, these mappings 
respect the action of 0(3). 

Corollary. The symmetries of the elasticity tensor, c, are the same as the symme- 
tries of the Christoffel matrix, F. 

Proof. Any symmetry of T is a symmetry of T and vice versa by equations ([7]) and 
©, respectively. It remains to invoke the isomorphisms and (|TU)l between F 
and c. □ 
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4. Conclusions 

As stated by the corollary, the material symmetries of the elasticity tensor, c, 
are indeed the same as the symmetries of the Christoffel matrix, T, as sugessted 
by Bona et al. [T] . This means that the increase of symmetry occurs between the 
Christoffel matrix and the wavefronts, not between the elasticity tensor and the 
Christoffel matrix. As shown by Bona et al. [I], this result entails that the sym- 
metry group of c is the intersection of the symmetry groups of wavefronts and 
polarizations. Otherwise — if the increase of symmetry could occur between c and 
r — the knowledge of the wavefront and polarization symmetries would be insuf- 
ficient to infer the symmetry of the Hookean solid. In mathematical language, the 
equality of symmetry groups of c and T ensures that the knowledge of eigenvalues 
and eigenvectors, which allows us to reconstruct T, entails the knowledge of the 
symmetries of c. Furthermore, measurements might result in computing T without 
considering wavefronts and polarizations, as shown by Dcwangan and Grechka 0]. 
According to the corollary, the material symmetries of the Hookean solid can be 
obtained directly from T. 

Finally, the formulae relating c and T that are stated in the theorem are of 
interest, since — unlike equations (3.7) and (3.8) in Bona et al. p] — they have 
the same form for all components of c and T. 
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